MATH 101 - SETS, GROUPS, AND TOPOLOGY, FALL 2018
ASSIGNMENT 6

Due Friday, September 28 at the beginning of class (please submit your
assignment on Canvas). Make sure to include your full name and the list of your
collaborators (if any) with your assignment. You may discuss problems with others,
but you may not keep a written record of your discussions. Please refer to the
syllabus for details.

In your proofs, you may assume basic facts about real numbers and integers,
such as those mentioned on p. 90-91 of Hammack. You also can use results from
the book, results covered in class, or results you have proven already. As a general
rule, you should imagine that you are writing your proof to convince somebody else
in the class who is very skeptical about the particular statement. In particular,
it should be completely understandable to another student: always justify your
reasoning in plain English.

(1) Write the relation “divides” on A = {1,2,3,4,5,6} as a set of ordered pairs,
then draw a picture of it (as in p. 177 of Hammack).

(2) Assume A = {a,b,c} and B = {d, e, f} (we think of a,b, ¢, d, e, f as distinct
letters of the alphabet here). For each of the relation R from A to B below,
first draw a picture of the relation (as in p. 195 of Hammack), then say
whether R is function from A to B. If you think it is, justify briefly. If you
think it is not, explain exactly where the problem is.

(a) R ={(a,d),(b,e),(b,e),(c, f)}.

(b) R={(a, ),(7 d), (¢, f)}
(C)R:{(a, d), (a,e), (b,e), (c, f)}
(d)RZ{(CL, )’(7 ),( )}

(e) R=10.

(3) Assume f : R — R is a function and a and b are real numbers. Prove
or disprove (Note: as usual, to disprove it is enough to give examples of a
function f and real numbers a and b failing the statement.):

(a) If a # b, then f(a) # f(b).
(b) If f(a) # f(b), then a # b.

(4) Assume A, B, and C are sets. Assume R is a relation from A to B and S
is a relation from B to C. The composition of R and S (written S o R) is
a relation from A to C defined by:

SoR={(a,c) € Ax C | there exists b € B so that aRb and bSc}

(a) Assume A ={1,2,3}, B={2,4,6},C ={7,8,9}, R={(1,2),(2,2),(3,6)},

S ={(2,7),(2,8),(4,9)}. Draw a picture of R and S separately, then
write S o R explicitly as a set of ordered pairs and draw a picture of
SoR.
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(b) Explain why the composition of two functions is a function (no need
to give a full proof, but give a careful explanation).
(5) Assume a, b, c, and d are four “things” (for example, four real numbers).
(a) If {a,b} = {c¢,d}, does this mean that a = ¢? What if we also knew
that b = d?
(b) Prove that if {{a},{a,b}} = {{c},{c,d}}, then a = ¢ and b = d.
Explain why this allows us to “code” ordered pairs using sets. Hint:
do not forget that it could be for example that a = b.
(6) Assume A, B,C, and D are sets. Prove or disprove:
(a) (AxB)U(CxD)=(AUC)x (BUD).
(b) (AxB)N(CxD)=(ANC)x (BND,).
(7) Assume A and B are subsets of some universal set U.
(a) Explain why it is not always true that (Ax B)¢ = A°x B¢. Note: when
taking complements, we think of the universal set for Ax B as U x U.
Thus (Ax B)¢=(UxU)—(Ax B) but A=U— A, B°=U — B.
(b) Give a correct formula for (A x B)¢ (involving A, A°, B, and B¢) and
prove it. Hint: you may want to draw a picture when U = R and
A=[0,1], B=0,2].
(8) Assume A and B are sets. Prove or disprove:
(a) P(A x B) CP(A) x P(B).
(b) P(4) x P(B) C P(A x B).
(c) P(Ax B) C{Ag x By | (Ao, By) € P(A) x P(B)}.
(d) {Ao x By | (Ao, Bo) € P(A) x P(B)} € P(A) x P(B).



