MATH 123 - ALGEBRA II - SPRING 2020
ASSIGNMENT 8

Due Tuesday, March 31, 11h59pm. (please submit your assignment as a
PDF on Canvas). Unless otherwise noted, references are to Dummit and Foote,
Algebra, 3rd edition, Wiley, 2004.

PRACTICE PROBLEMS

(Not for credit. No need to submit your solutions. Try to do them while mini-
mally looking at the textbook)

(1)

(4)

Give the definition of the following: constructible real number, splitting
field, nth root of unity, cyclotomic field of nth roots of unity, algebraically
closed, algebraic closure, derivative of a polynomial, separable polynomial.
State precisely and prove the impossibility of the three classical greek prob-
lems: doubling the cube, squaring the circle, trisecting the angle.
Prove that splitting fields exist and are unique.
Prove that the degree of the splitting field of a polynomial of degree at most
n is bounded by n!.
Prove that the degree of the cyclotomic field of pth roots of unity, p prime,
isp—1.
Prove that a polynomial is separable if and only if it is coprime with its
derivative.
True or false?

(a) Every irreducible polynomial is separable.

(b) Every separable polynomial is irreducible.

(c) Every field has an algebraic closure. This algebraic closure is alge-

braically closed and unique up to isomorphism.

(d) For any angle 0, if 6 can be constructed then 6/3 cannot be constructed.
(e) For any angle 6, if 6 can be constructed, then 6/4 can be constructed.

PROBLEMS FOR CREDIT

You should have the assignment from another student available for review in

your Canvas todo list. Review problem 6 from that assignment (submit your

comment on Canvas, not with this assignment). Refer to the peer review

instructions on the course website for more details. You are encouraged not

to look at the official solution before submitting your review!

For the question below, you may use the lemma about constructibility of

parallel and perpendicular lines stated in the slides. Use the definitions

given in the slides (not in Dummit and Foote).

(a) Show that a point (z,y) is constructible if and only if both x and y
are constructible.

(b) Show that a circle is constructible if and only if its center is a con-
structible point and its radius is a constructible number.

(DF, 13.4.1-3) For each of the polynomials below, determine its splitting

field and the degree of this splitting field over Q.

(a) a* —2.

(b) z* + 2.

(c) z* + a2 +1.

Show that any algebraically closed field is infinite.
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