MATH 141A - MATHEMATICAL LOGIC I, FALL 2018
ASSIGNMENT 10

Due Friday, November 16 at the beginning of class (please submit your
assignment on Canvas). Make sure to include your full name and the list of your
collaborators (if any) with your assignment. You may discuss problems with others,
but you may not keep a written record of your discussions. Please refer to the
syllabus for details.

With regards to answering these problems, imagine that you are writing an
answer to teach someone else in the class how to do the problem. In particular, you
must give a complete outline for how you arrived at your answer. It is not sufficient
to simply state a number or formula without providing the steps and reasoning that
you used to produce the answer.
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Assume [ is a non-empty set. Recall that a partition of I is a non-empty
collection P of pairwise disjoint subsets of I such that the union of all sets
in P is I (we allow the empty set to be in P). Prove that the following are
equivalent, for a collection U of subsets of I:

(a) U is an ultrafilter on I.

(b) [UN P| =1 for any partition P of I with |P| < 3.

(¢) T €U,U is closed under taking supersets (A € U, A C B C I implies
B € U), and for any two disjoint subsets A and B of I, if AUB e U
then exactly one of A or B isin U.

Assume that (A, V, F) is a voting system with at least three but finitely-
many candidates (but possibly infinitely-many voters). Assume this vot-
ing system satisfies unanimity and independence of irrelevant alternatives.
Show that there exists an ultrafilter U on V such that for any preference
profile (Cy)vev, C = F((Cy)vev) is given by, for a,b € A, a < b if and
only if {v € V |a < b} € U.

(The infinite pigeonhole principle) Let A be an infinite cardinal.

(a) Show that for any finite cardinal x4 and any function f : A — p there
exists A C X\ with |A| = X such that f is constant on A.

(b) Show that for any infinite cardinal p < A and any x < A, there exists
A C X with |A| > xT such that f is constant on A. (In general, we
cannot find such an A of cardinality \, see the extra credit problem.)

Prove the De Bruijn-Erdés theorem: for any natural number k& < w, a graph
is k-colorable if and only if all of its finite subgraphs are k-colorable.
(Extra credit)

(a) Give an example of infinite cardinals ;1 < A and a function f: A — u
such that f is not constant on any set of cardinality .

(b) Give an example of a function f : [R]*> — 2 that has no uncountable
homogeneous set. Note: this shows that we cannot replace “infinite ho-
mogeneous set” by “homogeneous set of the cardinality of the domain”
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in the statement of the infinite Ramsey theorem. Hint: well-order the
real numbers and compare the well-ordering with the usual ordering.



