MATH 145A - SET THEORY I, FALL 2019
ASSIGNMENT 2

Due Tuesday, September 17 at the beginning of class (please submit your
assignment as a PDF on Canvas). Make sure to include your full name and the
list of your collaborators (if any) with your assignment. You may discuss problems
with others, but you may not keep a written record of your discussions. Please
refer to the syllabus for details.

As a general rule, imagine that you are writing your solution to convince some-
body else in the class who is very skeptical about the particular statement. In
particular, it should be completely understandable to another student: always jus-
tify your reasoning in plain English. It is not sufficient to simply state a number
or formula without providing the steps and reasoning that you used to produce the
answer.

(1) The aziom of class choice is the following statement:
Suppose P(z,Y’) is a property involving a set « and a class Y so that
for any set a there is a class B with P(a, B). Then there exists a class
sequence (Bg),cgpr such that P(a, B,) for all a € SET.
Prove that the axiom of class choice implies, modulo the other axioms,
the axiom of choice (as stated in the notes).

(2) Let A, B be classes with A non-empty. Prove that if there is a class injection
from A to B, then there is a class surjection from B to A.

(3) A choice function on a set C is any function f with domain C so that
f(¢) € ¢ for any non-empty ¢ € C. The aziom of local choiceﬂ says that for
any set C, there is a choice function on C.

(a) Prove that the axiom of choice (as stated in the notes) implies the
axiom of local choice. Further prove that the axiom of local choice
implies that for any non-empty set A, there is a choice function F :
P(A) — A.

(b) Let R be a relation from a set A to a set B. We call R left total
if for any a € A there exists b € B so that aRb. A uniformization
of R is a function f : A — B such that aRf(a) for any a € A.
The aziom of uniformization says that any left-total relation has a
uniformization. Prove (without using the axiom of choice) that the
following are equivalent:

e The axiom of local choice.

e The axiom of uniformization

e For any sets A and B, if f : A — B is a surjection, then there is
an injection g : B — A such that fog=1idp.

(4) Decide whether the following sets are countable or uncountable. Prove your
claim each time. You may take it for granted that R is uncountable.

(a) The set of all finite subsets of rationals numbers (you may take it for
granted that each such set is of the form {ag,a1,...,a,_1} for some
natural number n).

) The set of irrational numbers.

(c) The set 22 of all functions from Z to 2 = {0,1}.

) The set 2Z of all functions from 2 = {0,1} to Z.
) The set of algebraic real numbers (a real number is algebraic if it is
the root of a polynomial with rational coefficients).

(f) The set of transcendental real numbers (a real number is transcendental
if it is not algebraic).

Date: September 12, 2019.
1Many textbooks call this axiom the axiom of choice, and call the axiom of choice from the
notes the axiom of global choice. It is known that the axiom of local choice does not imply the

axiom of global choice, and the axiom of global choice does not imply the axiom of class choice.
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(5) A familyﬂ F of sets is called pairwise disjoint if AN B = () whenever
A, B € I are distinct. On the other hand, we call F' almost disjoint if
AN B is finite whenever A, B € F are distinct.

(a) Show that any pairwise disjoint family of subsets of @ is countable.

(b) Show that there exists an uncountable almost disjoint family of subsets
of Q. You may take it for granted that if a set is of the form {ay |
k < n} for n € N, then it is finite (this is not hard to prove but we
have not done it yet). Hint: think about real numbers and sequences
of rationals.

2«Family” (or “Collection”) is just another name for a set, when we want to emphasize the
members are sets themselves.



