
MATH 145A - SET THEORY I, FALL 2019

ASSIGNMENT 6

Due Tuesday, October 15 before 11h59pm (please submit your assignment
as a PDF on Canvas). Make sure to include your full name and the list of your
collaborators (if any) with your assignment. You may discuss problems with others,
but you may not keep a written record of your discussions. Please refer to the
syllabus for details.

As a general rule, imagine that you are writing your solution to convince some-
body else in the class who is very skeptical about the particular statement. In
particular, it should be completely understandable to another student: always jus-
tify your reasoning in plain English. It is not sufficient to simply state a number
or formula without providing the steps and reasoning that you used to produce the
answer.

(1) We start with some definitions. Let λ be a cardinal. A partially ordered
set P = (A,≤) is λ-directed if any subset of A of size strictly less than λ
has an upper bound. That is, for every set S ⊆ A with |S| < λ, there exists
a ∈ A such that s ≤ a for every s ∈ S.

For X a set and λ a cardinal, let [X]<λ denote {S ⊆ X | |S| < λ}.
(a) Show that if P is λ-directed and does not have a maximal element,

then P has cofinality at least λ.
(b) Let λ be an infinite regular cardinal and let X be a set of cardinality

at least λ. Prove that ([X]<λ,⊆) is λ-directed but not λ+-directed.
(c) Prove that any 3-directed poset is ℵ0-directed.
(d) Prove that if λ is a singular infinite cardinal, then any λ-directed poset

is λ+-directed.
(2) (a) Prove that there is a set A ⊆ ωω that is determined while ωω − A is

not determined.
(b) Prove that any countable set is determined.

(3) Show that there exists a set of reals which does not have the perfect set
property.

(4) For this exercise, do not assume the axiom of choice. The axiom of deter-
minacy is the statement that every subset of ωω is determined. Prove that
the axiom of determinacy implies the following weak version of choice: for
every sequence (An)n<ω of non-empty subsets of ωω, there exists f : ω →⋃
n<ω An such that f(n) ∈ An for all n < ω.
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