MATH 155R - COMBINATORICS, FALL 2019
ASSIGNMENT 3

Due Tuesday, September 24 at the beginning of class (please submit your
assignment as a PDF on Canvas). Make sure to include your full name and the
list of your collaborators (if any) with your assignment. You may discuss problems
with others, but you may not keep a written record of your discussions. Please
refer to the syllabus for details.

As a general rule, imagine that you are writing your solution to convince some-
body else in the class who is very skeptical about the particular statement. In
particular, it should be completely understandable to another student: always jus-
tify your reasoning in plain English. It is not sufficient to simply state a number
or formula without providing the steps and reasoning that you used to produce the
answer.

You may freely refer to the hints at the end of MNE[

(1) (a) (MN, 3.3.11) Prove the binomial theorem using induction.
(b) Prove that 1+ 2 < e” for any real number z.

(2) Assume n is a natural number. Prove that > k(}) = n2"~! by counting
in two ways.

(3) (MN, 3.7.6) How many ways are there to arrange four Americans, three
Russians, and five Chinese into a queue in such a way that no nationality
forms a single consecutive block? Your final result should be a single natural
number, such as 42 or 12345 (calculators are allowed, of course).

(4) Assume n is a natural number.

(a) (MN, 3.8.11(a)) How many divisors does n have? Express your answer
in terms of the prime factorization of n.

(b) (MN, 3.8.10) Recall that ¢(d) denotes the cardinality of {k < d |
k is coprime to d}. For example, ¢(5) = 4 and ¢(6) = 2.
Prove that -, ¢(d) = n (the sum is over all the natural number

divisors of d). Hint: count in two ways the number of fractions % with
k<n.
(5) Assume that p is a prime and k,n are natural numbers.
(a) (MN, 3.2.8) Show that (k!)™ divides (kn)!. Hint: one way is to think
of these numbers as counting certain permutations.
(b) (MN, 3.3.15) Show that if k < p, then p divides (?).
(¢) Show that p divides n? — n.

Date: September 16, 2019.
Matousek and Nesetfil, Invitation to discrete mathematics, 2nd edition, Oxford University
Press, 2008.

1



