MATH 155R - COMBINATORICS, FALL 2019
ASSIGNMENT 9

Due Wednesday, November 6, 11h59pm (please submit your assignment
as a PDF on Canvas). Make sure to include your full name and the list of your
collaborators (if any) with your assignment. You may discuss problems with others,
but you may not keep a written record of your discussions. You may also freely
look at the hints at the end of MN[} Please refer to the syllabus for details.

As a general rule, imagine that you are writing your solution to convince some-
body else in the class who is very skeptical about the particular statement. In
particular, it should be completely understandable to another student: always jus-
tify your reasoning in plain English. It is not sufficient to simply state a number
or formula without providing the steps and reasoning that you used to produce the
answer.

(1) (MN, 9.1.1) A set system is a pair (X, L), where X is a set and L is a set
of subsets of X (for example, projective planes or graphs are special types
of set systems).

(a) Give what you think should be the definition of an isomorphism of set
systems.

(b) Using your definition, prove that any finite projective plane of order 2
is isomorphic to the Fano plane.

(2) (MN, 9.1.4) Assume (X, £) is a set system satistying (P1) and (P2). Prove
that the following are equivalent:

e (P0): there exists four points, no three of them on a line.
e (P(0’): There exists two distinct lines that each have at least three
points.

(3) (MN, 9.1.3)

(a) Give an example of a set system (X, L) that satisfies (P1) and (P2)
but does not satisfy (P0).

(b) Give an example as above, but with at least ten lines, at least ten
points, and each line containing at least two points.

(c¢) Describe all possible set systems (X, £) satisfying (P1) and (P2) but
not (PO0).

(4) (MN, 9.1.8) Let n > 2 be a natural number and let (X, £) be a set system.
Assume that |[X| = n?> +n+1, [£] = n? +n+ 1, and each L € £ has
exactly n 4+ 1 elements. Assume further that any two distinct elements of
L intersect in at most one point. Prove that (X, £) is a finite projective
plane. If it helps, you can follow the steps below.

(a) Prove that any two distinct points are contained in exactly one line.
(b) Prove that at most n + 1 lines contain any given point.
(¢) Prove that at least n + 1 lines contain any given point.
(d) Prove that any two lines intersect.
(e) Conclude that (X, L) is indeed a finite projective plane.
Hint for the first three parts: do some double counting!

(5) (Eatra credit) (MN, 9.1.10) An affine plane is a set system (X, L) (the
members of X are called points, those of L lines) satisfying the following
axioms: there exists three points not contained in a common line, any two
distinct points are contained in exactly one line, and for any line L and
point p ¢ L, there is a unique line L' with p € L' and LN L' = (.

Before starting, you should convince yourself that the usual Euclidean
plane is an affine plane (and make this statement precise!).
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(a) Let (X, L) be an affine plane. Define a relation || on £ by L1|| Ly (read
Ly is parrallel to L) if Ly = Lo or L1 N Ly = (). Prove that || is an
equivalence relation.

(b) Show how to derive a projective plane from an affine plane. Deduce
that in a finite affine plane, all lines have the same number of points.

(¢) Deduce an alternative proof of the fact that if there is a field with n
elements, then there is a projective plane of order n.



